Abstract. In this note we consider compact homomorphisms and endomorphisms between various Dales-Davie algebras. In particular, we obtain fairly complete results when the underlying set is the disc or the unit circle. Comparable results when the underlying set is the unit interval have been proven in previous papers [5] , [7] . (For some related results on endomorphisms of these algebras for general perfect, compact plane sets see [4] .)
D(X, M ) is natural meaning that the maximal ideal space of D(X, M ) is precisely X. In the non-analytic case a sufficient condition for a Dales-Davie algebra to be natural is that the set of rational functions with poles off X is dense in the algebra [2] . We will say that an algebra D(X, M ) is good if X is good, (M n ) is non-analytic and D(X, M ) is natural. We remark that examples of uniformly regular sets are the unit interval, the closure, ∆ of the unit disc ∆ and Γ, the unit circle. It is sets X such as these and algebras D(X, M ) that we are most interested in, although we will be proving some results in considerably more generality. In the case of the interval the polynomials are dense in these algebras ( [8] ; see also [1] ). The polynomials are also dense in the case of the closed unit disc, as was proved in [3] . Exactly the same proof (using convolution with the Fejer kernel) proves that, for non-analytic (M n ), the rational functions are dense in D(Γ, M ). Thus for these three sets and non-analytic (M n ), the Dales-Davie algebras are good.
Suppose (M n ) is a weight sequence, and X and Y are perfect compact subsets of the plane such that D(X, M ) and
for all x ∈ X. The homomorphism T determines the continuous map φ and is determined by it. In particular, if T is a unital endomorphism of a Banach algebra D(X, M ), then T is determined by a continuous self-map φ of X.
For a perfect compact plane set X we sometimes require an additional condition on a map φ ∈ D ∞ (X): we say that φ is analytic if
For non-analytic weights (M n ), such φ are always in D(X, M ). Our aim is to prove some results about homomorphisms of D(Y, M ) into D(X, M ), and then to use them to obtain fairly complete results on compact endomorphisms of D(X, M ) when X is a geometrically nice set such as a disc or a circle.
In addition to the notions of good sets and algebras as defined above, we say that a compact plane set X is locally good if every point of X has a base of good neighbourhoods and we say that D(X, M ) is locally good if D(X, M ) is good and for each x ∈ X there exists a good neighbourhood N of x in X such that the algebra D(N, M ) is good. Note that the interval, the disc and the circle are certainly both good and locally good. Let D(X, M ) and D(Y, M ) be good and let φ be a map from X to Y. For f in D(Y, M ) we can look at f • φ and investigate whether it is in D(X, M ). In other words we can ask whether φ induces a homomorphism from D(Y, M ) to D(X, M ). Since these algebras are commutative semi-simple Banach algebras the homomorphism must be continuous. In addition we may ask whether the induced homomorphism is compact.
We start with the following lemma. Proof. The first part follows easily from the fact that a complex valued function g on X is in D(X, M ) if and only if every point x of X has a good neighbourhood N in X such that g |N is in D(N, M ). The compactness follows from a similar result for convergent sequences: a sequence g n in D(X, M ) converges if and only if every point x of X has a good neighbourhood N in X such that
The next lemma is a standard application of equicontinuity and dominated convergence for series.
Proof. The result follows from the inequality of sup norms
and the usual equicontinuity argument.
Proof. Since we are dealing with Banach algebras, the fact that φ induces a homomorphism follows from the holomorphic functional calculus. To show compactness, choose any α in (0, 1).
The composite map is the homomorphism induced by φ, which is therefore compact.
In [5] and [7] we proved that for
is sufficient for φ to induce an endomorphism. Indeed, the computations using Faà di Bruno's formula for derivatives of composite functions can be seen to go through for arbitrary X. Thus we can state the following theorem. 
In contrast to this, for the weight M n = n! 3/2 for which lim Proof
Then φ induces a compact homomorphism.
Proof. Every point of X has a good neighbourhood N in X such that at least one of Theorem 3 and Theorem 5 apply to φ| N . Therefore φ| N induces a compact homomorphism from D(Y, M ) to D(N, M ). The result then follows from Lemma 1.
We remark that Theorems 4 through 6 require the inducing map φ to be analytic. We do not know whether or not this condition is redundant.
We now turn to cases where the sets X and Y are equal and thus the map φ induces an endomorphism of D(X, M ). We have just given sufficient conditions for φ to induce a compact endomorphism in the case that φ is analytic and D(X, M ) is locally good.
On the other hand the map φ is not required to be analytic for the next theorems regarding necessary conditions that φ induce a compact endomorphism when the set X is geometrically nice. The two sets we consider are ∆, the closure of the open unit disc ∆ and Γ, the unit circle.
A key fact is the following. Let X be a compact, connected perfect subset of the complex numbers, (M n ) a weight sequence and D(X, M ) complete and natural. (ii) X = Γ. Let φ 1 and A be as before. Let p(z) = exp( We conclude with some remarks about the spectra of compact endomorphisms. The results are not unexpected in view of previous results along these lines and corresponding results for composition operators on spaces of analytic functions.
In [5] we proved that if a self-map φ of [0, 1] induced a compact endomorphism T of D([0, 1], M ), then the spectrum of T , σ(T ), is given by
where x 0 is the fixed point of φ. In fact, the corresponding statement holds for compact endomorphisms T on any D(X, M ) when X is uniformly regular. Indeed, the following facts which were used in proving the preceding can be shown to be valid for any D(X, M ) when X is connected.
n for all positive integers n, and T f = λf, then f (ν) (x 0 ) = 0 for all non-negative integers ν.
Thus if the fixed point x 0 of φ lies in the interior of X or if the algebra D(X, M ) is quasi-analytic, then (i) and (ii) are sufficient to show that σ(T ) = {(φ ′ (x 0 )) n : n is a positive integer} ∪ {0, 1}. In general, however, we need more to obtain the result and this is supplied by the next fact.
(iii) If f (ν) (x 0 ) = 0 for all ν and T f = λf for some non-zero λ, then f ≡ 0.
The proof of (iii) in [5] for the interval used Taylor polynomial approximations. However, according to [2] where x 0 is the fixed point of φ.
Certainly Theorem 11 holds when X = ∆ or Γ.
